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Abstract. The dynamic behavior of a reaction—diffusion
model of solid-phase combustion is investigated by using
the linear stability analysis method. The diffusion
coeflicients of the oxygen gas and the vapor of the com-
bustible solid (Mg) are taken as two controlling param-
eters in the analysis. The bifurcation map obtained
shows three dynamic regions. Region I only shows
stable combustion. Regions II and III both show stable
combustion and oscillatory combustion depending on
the ratio of the two diffusion coefficients. Interestingly
region II also shows a small range of a bistable state
consisting of a stable focus and an oscillating state,
which is like the critical phenomena in phase transitions.
The results indicate that the occurrence of oscillating
combustion requires that the value of the diffusion
coeflicient of the Mg vapor should be comparable to or
less than that of the oxygen gas at the same temperature.
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1 Introduction

Rich nonlinear dynamic phenomena in chemical systems
have been observed experimentally and investigated
theoretically in the past few decades [1, 2, 3]. As a
subfamily of nonlinear chemistry dynamics, nonlinear
dynamics in combustion reactions has drawn consider-
able attention in the past 2 decades. The pioneering
work on nonisothermal combustion processes was done
by Uppal et al. [4, 5] and Kubicek et al. [6]. The
mechanisms for some gas-phase combustion systems
have been well examined, among which the most
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successfully studied one is the H,—O, combustion system
[7, 8, 9, 10]. Recently, a more complex nonlinear
phenomenon — chemical waves formed in premixed gas
combustion — has been investigated [11, 12]. Compared
with research on the nonlinear dynamic behavior of gas-
phase combustion systems, less work has been done on
that of solid-phase combustion systems owing to the
complex interactions of chemical and physical processes.
The first solid-phase combustion system that showed
oscillation was recorded in 1898. Since then, several
other solid-phase systems with oscillatory combus-
tion behavior have been reported [13, 14]. In 1978,
Matkowsky and Sivashinsky [15] constructed a mathe-
matical model for the system reported in Ref. [14], and
found its Hopf bifurcation points by nonlinear analysis
of this model. It should be noted that this model merely
concerns solid—gas reactions. In 1990, Bayliss and
Matkowsky [16] modified their previous model into
two models, which are related to solid—gas reactions and
liquid—gas reactions, respectively. They took the same
controlling parameter as that employed in Ref. [15],
which was a product of a dimensionless activation
energy and a factor that is a measure of the difference
between the nondimensionalized temperature of un-
burned reactants and the combustion products. They
detected Hopf bifurcations again and, moreover, two
ways to chaos.

To our knowledge, the models of combustion systems
studied previously explored only solid—gas reactions,
liquid—gas reactions, or gas—gas reactions. Here, how-
ever, we investigate a combustion model in relation
to both solid—gas and gas—gas reactions, in which the
diffusion of gases — a ubiquitous physical process — is
considered. In other words, we investigate a reaction—
diffusion model of solid combustion.

This model comes from a recently discovered oscilla-
tory solid-phase combustion system, i.e., a mixture of
reducing agent Mg, oxidant NH4ClO4, and frequency-
modulating species K,Cr,O5 [17]. The partial pressures of
reacting gases, i.e. oxygen and Mg vapor, as the major
dynamic controlling factors in this model were considered
in Ref. [17]. On the other hand, diffusion coeflicients are
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closely related to partial pressures, so they were chosen as
the major controlling parameters. It is worth noting that
the diffusion coefficients of oxygen and Mg vapor were
considered in Ref. [17] to be identical. We think such
simplification may not uncover the effect of gas diffusion
on the dynamic behavior of this system. Thus, in the
present work we select the diffusion coefficients of the two
kinds of reacting gases as different controlling parameters,
and study how they affect the dynamic behavior of the
model system by using the linear stability analysis method.

2 Model and methods

2.1 Model

The model can be written as follows [17],

Mg(s) + Oz~ MgO(s) + aMg(g). (n
[bMg(g) + Mg(s)] + 0y - MgO(s) + cMg(g), 2
Mg(g) + Ozeny(constant) —- MgO(s), (3)
Mg(g) ™ Mg(g)ey, (constant), “)
05 % Openy(constant), (5)

where Mg(s) represents the solid of Mg, Mg(g) the Mg vapor close
to the surface of Mg(s), MgO the solid oxidation product of Mg,
and Mg(g)eny and Osepny the Mg(g) and O, in the environment. &,
k>, and ks are reaction constants, and ky and kg are diffusion
coefficients for Mg(g) and O,, respectively. a, b, and ¢ are adjust-
able parameters. Processes 1 and 2 are the solid—gas reactions oc-
curring close to the surface of Mg(s), process 3 is the gas—gas
reaction occurring in the environment, and processes 4 and 5 are
physical diffusion processes in relation to Mg(g) and O,, respec-
tively, whose directions of net diffusion are shown by the arrows.
Note that the O, in processes 1 and 2 is close to the surface of
Mg(s), which is provided by diffusion process 5.

For the simplicity of analysis, let X denote O,, Y denote Mg(g),
which reduces processes 1-5 to the following forms only relating to
gases,

xay (6)

X +by ey ()

Yy & (8)

y b (9)
ko

X — (10)

On the basis of the mass-action law, the reaction-rate equations
are given by

dX/dt = kX — kXY? + ko(Xo — X) (1)
and
dY/dt = aki X + (¢ — bYkaXY? — ks Y 4+ k(Yo — Y). (12)

For brevity, the following dimensionless equations are intro-
duced for the previous dynamic equations:

dx/dt = —wx —xp* + (1 —=x) /1o (13)
and
dy/dr:awx+(cfb)xyhfvy+ (0o —y)/t, (14)

with the scalings x = X/Xo, ¥y = Y/Xo, ©=hX0t, w=k /kX?,
v = k3/k2Xb, thy = kzXé’/ko, and #; = kzX(;?/kM

In order to compare our results with the results of experiments,
we use the same numerical parameters as those in Ref. [17], i.e., let
a=1,b=2,¢c=3, w=1/650, v=1/20, and yo, = 0.006. As such,
the dynamic equations for a certain system of this type are obtained
as

dx/dt = —(1/650)x — xp* + (1 — x) /% (15)
and
dy/dz = (1/650)x 4+ xy* — (1/20)y + (0.006 — y)/1;. (16)

After these deductions, o and ¢, respectively relating to
the diffusion coefficients of O, and Mg(g), become two dynamic
controlling parameters in the following analysis.

2.2 Methods

First, the steady-state solutions of Egs. (15) and (16) are obtained
by zeroing them and keeping the real solutions only. Afterwards,
the stability of the steady points is obtained by analyzing the ei-
genvalues of the Jacobian matrix of the Egs. (15) and (16) at the
corresponding steady points. This procedure is referred to as linear
stability analysis [18]. As already stated, there are two changeable
parameters, 7o and ¢;, in the analysis. For convenience, we let ¢y be
fixed, then draw the curve of y* against r;, where y* is the y-
coordinate of the steady points gained by zeroing Egs. (15) and
(16). In addition, whether this model has periodic solutions or other
complicated solutions can be judged by analyzing the correspond-
ing bifurcation diagram of the system, which is plotted using the
Poincaré section method [19]. In the following analysis, keep in
mind that stable-state solutions represent stable combustion and
that periodic solutions represent oscillatory combustion.

3 Results and discussion

A bifurcation map that plots two curves of critical
steady points in 75—#; space is shown in Fig. 1. Figure 1
clearly shows three dynamic regions, and they are
described in detail in the following.

Region I (47.5 > to > 0): As shown in Fig. 1, there
are two critical steady points in region I, but it should be
noted that C) is always on the right of C,, indicating that
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Fig. 1. Bifurcation map in the f#y—; parameter space. Three
dynamic regions marked I, I, and III. C) and C, denote the lower
and upper critical steady points, respectively. Region I is split into
three areas by C; and C,, marked 1, 2, and 3, which represent
monostability, bistability, and monstability, respectively. Region II
is split into three areas, areas 4 and 6 being monostable, area 5 in
oscillation. Region III is divided into areas 7 and 8, being
monostable and in oscillation, respectively
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Fig. 2a—d. Steady points diagrams (only variation of y* versus ¢, is
plotted). The solid curves denote stable steady points and the broken
curves denote unstable steady points. a t, = 10, a case in region I.
Both the left of C, and the right of C; are monostable, but the part
between C, and Cj is bistable. b 7, = 47.5. This is the critical case
transiting from region I to region II, whose C, and C) have the

this region is characterized as bistable. A typical case of
such bistability for 7y = 10 is shown in Fig. 2a, where the
solid curve represents stable steady points and the da-
shed curve unstable ones. In this region, no limit cycle
emerges, indicating that combustion is stable no matter
how ¢, varies. However, the case changes when ¢, = 47.5,
a critical case corresponding to the crossing in Fig. 1.
See Fig. 2b for 1y = 47.5; C, and C| have the same ¢,. We
can see clearly that the bistability has changed to
monostability with a big leap. After 7, >47.5, the system
goes into region II, the most interesting region here.
Region IT (82.6 > 1, > 47.5): As indicated in
Fig. 1, after 7,>47.5, the relative positions of C; and
C, in region II are reversed from those in region 1, i.e.,
C) is on the left of C,. In this region, we take the case
of to =70, for example. See Fig. 2¢ for ¢z, = 70, com-
pared with Fig. 2a for 7y = 10, the upper unstable
section has walked beyond the lower right stable
endpoint, i.e., an intermittence has come into being
between the two parts of monostability, suggesting
the possibility of observing more interesting dynamic
behavior, such as Hopf bifurcation. On the basis of the
bifurcation diagram in Fig. 3 for 7, = 70, we indeed
detect two bifurcation points, one at ¢; = 68.00, the
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same f;. It is monostable with a big leap. ¢ 7, = 70, a case in
region II. Cy and C, are two Hopf bifurcation points, in which C; is
at 11 = 69.13 (in comparison with the bifurcation point B in Fig. 3)
and C, at t;, =189.19 d t, =100, a case in region III. Only a
monostable and an oscillating state exist. C; is the unique Hopf
bifurcation point
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Fig. 3. Bifurcation diagram for 7y = 70. The value of #; at the
bifurcation point B is 68.00

other at #; = 189.20. However, what surprises us more
is that in Fig. 2c, C), the turning point from a stable
focus to an unstable focus obtained by linear stability
analysis, is at 7; = 69.13, different from 7; = 68.00 ob-
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Fig. 4. Tllustration of the coexisting state of one stable point and
one limit cycle in phase space, modeled at 7y = 70.00 and
t; = 69.00. Points 1, 2, and 3 are three starting points, in which
points 1 and 2 spiral inwards and outwards, respectively, — the
same limit cycle—, while point 3 spirals inwards — a stable point

tained from the bifurcation diagram. In terms of Hopf
bifurcation theory, C; must be a well-defined Hopf bi-
furcation point. That is to say, in the case of 7, = 70,
there seems to be two attracting basins, respectively
corresponding to a stable point and a limit cycle
between the range of 7; = 68.00-69.13. This is proved
to be right. The results of numerical integration at
to = 70.00 and #; = 69.00 are shown in Fig. 4. Points 1
and 2 spiral inwards and outwards, respectively, — the
same limit cycle, while point 3 spiral inwards — a stable
point. Another point of interest in this coexisting case
is that the stable point is very close to the limit cycle in
the phase space, indicating that the stable point is
“unstable”, because once a tiny perturbation is intro-
duced, it would probably walk into the limit cycle. This
phenomenon seems like the critical phenomena in
phase transitions. For example, although overheated
water can exist in reality, it is unstable because if a bit
of dust is introduced it will probably vaporize sud-
denly. The following area ranging from ¢ = 69.13 to
189.19 is only characterized as an oscillation. When
t; > 189.19, the limit cycles disappear, and the stable
points appear again. Though only the case of ¢ty = 70 is
discussed here, the other cases in region II are the same
to to = 70. In addition, another hallmark in region II is
that the value of #/ty at C; almost equals unity (see
Fig. 5).
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Fig. 5. The curve of variation of #,/ty at C; versus #,. Regions I, 11,
and III correspond to those in Fig. 1. Note that in region II, the
values of t;/ty almost equal unity, while in region III, the values of
t1/to are larger than unity, and increase with the increment of the
value of ¢

From Fig. 1, we can see that the upper dashed line at
to = 82.60 is the asymptote for C,, beyond which the
system will enter region III.

Region III (2> 82.60): In region III, there is only one
critical steady point, C), and it is a Hopf bifurcation
point. In contrast to region II, there is not a coexisting
state, and the value of #,/¢( at Cj is larger than unity and
increases with the increment of #,. In summary, only two
states exist in region III: a monostable state and an
oscillating state.

All the results are summarized in Table 1, giving the
essential nonlinear dynamic features of the model in
different dynamic regions. From Table 1, we can see that
only two combustion states exist, i.e., stable combustion
and oscillating combustion. We next answer in what
conditions the oscillating combustions could occur in
this model of the Mg—O, combustion system. It is readily
obtained from Fig. 5 or Table | that the conditions are
to > one constant (47.5) and #; > 7. Keep in mind that
to = koX? Jko and t; = koX{ /km. Therefore, the condi-
tions obtained indicate that ko must be less than one
value and that ky; must be comparable to or less than kg
if oscillations are expected to occur in this Mg—O, sys-
tem. This result can be easily understood. As we know,
the magnitude of ko mainly affects the rate of offering
O, to the surface of Mg(s) in processes 1 and 2. If kg is
very large, the partial pressure of O, existing close to the

Table 1. Nonlinear dynamic behavior of the model in the three regions

Region Range Nonlinear dynamic behavior

Region I 47.5>1,>0 Sequentially showing monostability, bistability, and monostability as 7, increases
Critical case to=47.5 Just showing monostability with a big leap

Region II 82.6>1,>47.5 Showing two Hopf bifurcation points. Sequentially experiencing a monostable state, a

coexisting state for a stable point and a limit cycle, an oscillating state, and a monostable
state as ¢, increases. The values of 71/t at C) essentially equal unity

Critical case
Region 111

1o=82.6
to>82.6

One of the two Hopf bifurcation points extends towards the infinite
Only a monostable state and an oscillating state exist. Compared with region II, the values

of t1/ty at C) are larger than unity and increase with the increment of 7,




surface of Mg(s) will almost equal that of O, in the en-
vironment, becoming a constant; consequently, no os-
cillation can occur. On the other hand, if ky; is markedly
greater than ko, Mg(g) cannot be accumulated, also no
oscillation can occur. It should be noted that this result
is obtained only from the viewpoint of chemical reaction
dynamics, not from the properties of atoms and mole-
cules.

Assume that in this Mg—O, combustion system the
vapor of Mg diffuses in the form of monoatoms and that
Mg gas atoms and O, molecules are ideal gases of sta-
tistical mechanics, then the crude value of f,/fy can be
estimated to be 1.22 (atomic weight of Mg/molecular
weight of O,)"/?, which is larger than unity. According to
the second condition stated earlier, oscillations could
occur in the real system, explaining in part the occur-
rence of the oscillations observed in the corresponding
experiment [17].

On the basis of the linear stability analysis of the
simple reaction—diffusion model of the Mg-O, solid-
phase combustion system, we believe that the diffusion
coeflicients of reacting gases indeed mightily affect the
dynamic behavior of the system. We also obtained some
interesting results and phenomena. It would be inter-
esting if these results and phenomena could be examined
in real systems.
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